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Survival function: the Probability of living longer than t

S(t)=Pe(T =)= / f(s)ds
t
T = Time to death, w.r.t the p.d.f. f(t)

What does it look like?

MAILMAN SCHOOIL
G_bCOLUMBlA OF PUB 1EALTH



Survival function: each group

100 4 Consider two groups

il e copu « Group 1 — new treatment

jz i;‘;‘:;ii;iz * Group 0 — placebo or control
= W ' Have the subjects in Group 1 became better in
g jz i general than those in Group 07?

30 4

20 - Hypothesis Testing!

10 4

H,: S,(t) = S,(t) vs. H_: S,(t) # S,(t)

-
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Our project question: Do different
hypothesis tests perform differently in
testing the treatment effect?
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Project Outline

Apply Test

Test
omparasiog

@

Survial Data Hypothesis Test Type | Error/ Power Recommendation

Proportional Model:
Exponential
Weibull

Nonpropotional
Model:
Time Effect:
Indicator

Four Tests:
Logrank Test
Weighted Logrank-
Early Effect
Weighted Logrank-
Late Effect
Maximum Logrank
Test

Under Multiple

Tests
Compare:
Type | Error a
Power (1-8)

Final Take Home
Message:
Which test is
recommendated?
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Data Simulations
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Hazard

Hazard Function: instantaneous risk of failure at time t given that a patient has survived until time t.

hi(t) = lim Pr(T € (t,t+ AH)|T > 1) _ w(;f,)

— h{_)(t 6:31;1‘_;-{'-:32;1‘_.-}‘{1]
At—0 At b(t) . )

Hazard Ratio: Frequencies of a event happens in group 1 compared to in group 2, over time
h(t|z1)
h(t|z2)

T —
€ﬂ1 (:1:1 x2) does NOT depend on t, as Proportional Hazards;

h(tle1) _ 67 (@1—a2)+B2f(t)(@1—2) |
h t does depend on t, as Non-Proportional Hazards.
(t]2)
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Hazard Ratio

control group

hazard ratio =
treatment group

The treatment effectis
summarized by the hazard , control group
hazard ratio =

ratio (HR) between the treatment group o
control and treatment arms:

control group

hazard ratio =
treatment group
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Treatment arms have
higher S(t).

Two arms share
similar S(t).

Control arms have
higher S(t).
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Proportional and Non-proportional models

Strata =+ trt=0 trt=1
Proportional model
Strata = trt=0 ~ trt=1 1.001
1.00
£0.75
%0.75- §
2 8 0501
%o.so- 3
2 E
g Log-rank 5 | Log-rank
A2 pozg i @921 5= 0.071
0.004 0.004
0 1 2 3 4 5
Non-proportional model - Proportional Hazard Non-proportional Hazard: Early-obvious
1.004
£0.75
(_%0.50'
% 0g-ran
3 0257 tfo,ooﬁn H_\xjx\
0.00
; 1 3 3 ' ; i :
Time Non-proportional Hazard: Late-obvious
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Simulations-Proportional Model

Exponential Model E.g.A=0.1,B=0, maxt=7.5

Hazard Function Hazard Ratio Stete T 0 T
h ( ) A 61 X h t|331) 6/3?(331—5132) 1.00
h(t|zs)

30.75-
In R, the simsurv package, we will be able to set g
different A and B1, where: S 0.501
A — the different shapes of the survival probability (% 0ps] LogTank
lines ' p=017
B1 — different hazard ratio, ratio is equal to 1 if 0 ,
beta1 is equal to 0 ° ? s ° 8
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Simulations-Proportional Model

Weibull Model

Hazard Function
hi(t) = A\yt!™ LeB1

In R, the simsurv package, we will be able to set
different A, y and 1, where:

A, Y — the different shapes of the survival
probability lines

B1 — different hazard ratio, ratio is equal to 1 if
beta1 is equal to 0

MAILMAN SCHOOL

A2 COLUMBIA | Bt Ssmods

Eg.A=01,y=15B=-0.5 maxt=7.5

1.001

Survival probability

0.00 1

o
b
3

0.50 1

o
)
a

Strata =+ trt=0 =+ trt=1

Log-rank
p < 0.0001




Non-Proportional

Hazard Function
hi(t) = Myt DXt BXif(#) hi(t) = Ayt~ PrXi—AiXil(2)

ho(t) _ /\,Yt(fy—l)e,Bl(Xo—Xl)—ﬂl(Xo—Xl)I(t)
hi(2)

1 t <ty

0 otherwise

| t >t
0 otherwise

Lni() = { Tw(t) = {

In R, the simsurv package, we will be able to set different A, y and B1, B2, f(t)where:

A, Y — the different shapes of the survival probability lines
B1 — different hazard ratio, ratio is equal to 1 if beta1 is equal to 0
B2 — for the indicator function I(t), we set 2=-31

B2f(1)
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Non-Proportional

Strata =+ trt=0 trt=1

Strata —+ trt=0 trt=1 100 —_—
1.00] e,
£0.75
20751 £
3 S
£ 3.0.50
50507 S
2 E Log-rank
S o2s] Logrrank 2 2 0.0088
wn Y T : - = 5
Early effect Late effect
0.00 000' . i . . . .
; : 3 3 3 : 5 : 2 3 : 5
Time e

In R, the simsurv package, we will be able to set different A, y and B1, B2, f(t)where:

A, Y — the different shapes of the survival probability lines
B1 — different hazard ratio, ratio is equal to 1 if beta1 is equal to 0
B2 — for the indicator function I(t), we set 2=-31

B2f(t) - I(t)
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Apply Hypothesis
Tests




Hypothesis Testing

A
i

074
YV YV
Control Group, S (t) Four Tests:
Treatment Group, S1(t) Logrank Test
Ho: S,(t) = Sy(t) vs. H_: S,(t) # S(t) Weighted Logrank Test — Early/Late
H,: Hazard Ratio = 1 vs. H_: Hazard Ratio # 1 Maximum Logrank Test
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Log-rank Test

Test statistic

J
> _1(0; — E;
Stogrank = J=17 J) ~ N(0,1) Where do O, E, V come from???

J
Zj:l VJ Pure calculations!

OJ.= “observed” # of failures at the j-th failure time
EJ. = “expected” # of failures at the j-th failure time

VJ. = the variance of the Oj
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Weighted Log-rank Test

Test statistic W,(t) = weight function = §(¢)P(1 — §(¢))"

J
qu . Ej=1 Wj(oj - EJ)
Logrank —

- p =0, y =1 puts more weight on late events;
\/Z;j:l WJ'V} p =1, y = 0 puts more weight on early events.
OJ. = “observed” # of failures at the jth failure time WAY much fair for non. _ - de
EJ. = “expected” # of failures at the jth failure time proportional hazards !

VJ. = the variance of the Oj

Log-rank max test: Take the maximum statistic over the previous three log-rank
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Test Comparison
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Test Comparison

Under Multiple Tests
Compare:

alpha=0.1 gamma=1.5 beta=0 maxt=10
Type | Error a create il e =
SUrViVaI data e 0 select parameter‘ aIphazOZgammazi beta=0 maxt=7.5
Power (1-B) 100 times for = - il opiiuns<desanierie
each set of e
_ parameter, ez’
a smaller, power higher, perform Thenwewill T For each three-
better dimensional
t\_ay_e_ three----L_ - logrank.test
dimensional array, we
array Calculat‘:e‘ the weighted log-rank for a late
FaCt TeSt Resu It 4 TeSts probablllty of weighted log-rank for an early
type I/II error
Compare the that four types logrank maxtest
O performance four types |- of log rank tests
No Treatment Yes Type | Error a of logrank test make.
Effect
Treatment v, P
. es ower
Effect Exists
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Exponential Model - Type | Error

Change of Parameters Example Survival Probability Plot

Strata == trt=0 =+ trt=1

LambdaBeta |Maxt [Iteration e
0.1 0 7.5 100 zo7
0.2 0 7.5 100 €oso
0.3 o 7.5 100 S 0ss  Logrank
p=0.29
0.4 0 7.5 100
0.00
0 7.5 100 : 1 g B : :
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Exponential Model - Type | Error

Type | Error of 4 Test in Exponential Model of Lambda from 0.1 to 1

o
S | — Logrank Test
--- LRT for Late <
o | LRT for Early S5
o ~
e LRT Max /] o
2 g
WS
()
o
F g
o
AN
o
o

Lambdas Value
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Exponential Model - Power

Change of Parameters Example Survival Probability Plot

Strata =+ trt=0 =+ trt=1

LambdaBeta |Maxt [lteration ]
0.1 0.1 7.5 100 207
0.1 0.2 7.5 100 Eoso]
01 03 7.5 100 S s Lowrank
p=0.018
0.1 04 7.5 100
0.001 . . ' ' .
0.1 7.5 100 ’ ’ Time i i

A2 COLUMBIA | Bt Ssmods




Exponential Model - Power

Power of 4 Test in A Sequence of Beta--Ratio e”*0.1 to e Under Exponent

Q
=

Log-rank
p=012

0.4

0.2

MAILMAN SCHOOL
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—— Logrank Test
--- LRT for Late

LRT for Early
LRT Max

rvival probability .
Power
0.6
|

P

S gt

| | |
0.2 0.4 0.6

Beta Value

0.8

1.0

Log-rank
p <0.0001




Weibull Model - Type | Error

Change of Parameters Example Survival Probability Plot

Strata == trt=0 =+ trt=1

Lambda/Gamma Beta Maxt Iteration ]
0.1 1.5 0 7.5 100 2™
0.1 1.5 0 7.5 100 <_§oso
01 15 0 7.5 100 S| Lovran
p = 0.47
0.1 1.5 0 7.5 100
0.001 ' ' ' ' ' :
1.5 0 7.5 100 . 1 2 b 4 5
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Weibull Model - Type | Error

Type | Error of 4 Test in Weibull Model of Lambda from 0.1 to 1

e
o | — Logrank Test
--- LRT for Late
------ LRT for Early
8 | LRT Max
o
S
b o
i o
o o
o
= \
|—. \ /
\ /
g — \\ _____ //
o
AN
O_ —
o

0.2 0.4 0.6 0.8 1.0

Lambdas Value
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Weibull Model - Power

Change of Parameters

Lambda/Gamma Beta Maxt |lteration
0.1 1.5 0.1 7.5 100

0.1 1.5 0.2 7.5 100

0.1 1.5 0.3 7.5 100

0.1 1.5 0.4 7.5 100

1.5 0.5 7.5 100
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Example Survival Probability Plot

1.001

Survival probability

Strata =+ trt=0 =+ trt=1

Log-rank
p < 0.0001




Weibull Model - Power

Survival probability
o o
3 k]

o
N
Bl

o
3
8

Strata ~ =0 ~+ trt=1

Log-rank
p=038

Power of 4 Test in A Sequence of Beta--Ratio e*0.1 to e Under Weibull

S
-_

0.8

—— Logrank Test
LRT for Late
LRT for Early
LRT Max

Power
0.6

0.4
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0.2
|
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0.4

0.6

Beta Value

0.8

1.0

Survival probability
g

Proportional model

Log-rank
p <0.0001

Strata ~+ 11=0 ~+ trt=1

Time




Test Comparison — Proportional Model

Conclusion:
Under Proportional Model, whose Hazard 1. When Control Group and Treatment
Ratio is independent of time t : Group have similar S(t), all four test
E.g. perform good.
Exponential Model 2. When Control Group and Treatment
Weibull Model Group have different S(t), Logrank test is
recommended.

3. Moreover, if hazard ratio is over 1.6 or
lower than 0.6, all tests’s Power is near
100%.
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This is late effect data with significant difference between groups

Lambda |Gamma Beta Maxt Beta2 F(t) Iteration
0.1 1 |seq(0.1,1,0.05)| 5 -Beta |_late(t) 50
0.1 1 seq(0.1,1,0.05) 10 -Beta I_late(t) 50
Late effect shape Power curve
Strata =+ trt=0 — trt=1 Comparison of Tests in A Sequence of Beta--Ratio Under Late effect
1.001 - = — Logrank Test . L,
= > o ---- LRT for Late AN T g
B ™ = LRT for Early /
> T e, LRT Max
£0.75 ﬁ—ﬁ—‘_“—‘—x* © |
Q o
3
o
50.50 <
E o
2 ]
3 0.251 Log-rank & |
p = 0.0025 o
0001 _ ' . . ' : S : I T T T
0 1 2 3 4 5

Time
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This is early effect data with significant difference between groups

Lambda |Gamma Beta Maxt Beta2 F(t) Iteration
0.1 1 seq(0.1,1,0.05) 5 -Beta |_eary(t) 50
0.1 1 seq(0.1,1,0.05) | 10 -Beta I_eary(t) 50

Early effect shape Power curve

Strata —+ trt=0 trt=1
Power of 4 Test in A Sequence of Beta--Ratio 0.1 to e Under Weibull

o -
L - —— Logrank Test
-- LRT for Late
© _| LRT for Early
20751 = LRT Max P all
8 © |
8 . =
8.0.50 5
E S y
= Log-rank
B 0.25- g ~ _—
p=0.14 S B ey R
o |
0.00__ ‘ ' ' ' ' o | | | | |
8 1 2 - 4 5 0.2 0.4 06 08 1.0

Time
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Power of 4 Test in A Sequence of Beta--Ratio e*0.1 to e Under Weibull

Early Effect with Different < — -
H ---- LRT for Late
End Tlme © | LRT for Early
= LRT Max g
o | ,
g °
3
o]
(maxt =5 VS maxt 10) % %
N ]
o
o | 3
o
T T T T T
0.2 0.4 0.6 0.8 1.0
Comparison of Four Test groups Under Ealy Effect when Maxt=10
°q — Logrank Test
---- LRT for Late
© LRT for Early
e LRT Max
© e
g © | BT
2
< <
o
N
o
o | =8
= T T T T T
0.2 0.4 0.6 0.8 1.0
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Test Comparison — Non Proportional Model

Conclusion:
Under Nonproportional Model, whose 1. When survival curve have the shape like
Hazard Ratio is not independent of time t : “early effect shape” we use early weight
E.g. logrank test is recommended.
Indicator function 2. When survival curve have the shape like
Log function “late effect shape” we use late weight
Exponential function logrank test is recommended.

3. The power of the test is related to hazard
ratio and end time. If we we have a long
time survival data and larger hazard ratio
under the truth, the test result will be
better.
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Conclusion
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Conclusion for Real Survival Analysis

If the survival data we believe is under
proportional assumption,

Example - Melanoma

Product-Limit Survival Estimates Log of Negative Log of Estimated Survivor Functions
jth Number of Subjects at Risk and 85% Confidence Limits

o ' A
08 b Bl jﬁg} :
o
06 \-‘ih—l % I’;fi
: — ey
4 H ¢ Y

e #
4
-
o » A

log(time)

ox ———0 —1 sex —o—0 —o—1
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Test Suggestions:

1.

If we believe two groups have similar S(t),
all four logrank test are recommended.

If we believe two groups have different
S(t), Logrank test is the best choice.

If we believe two groups have different
S(t), and hazard ratio is much different
from 1, for example, higher than 1.6 or
lower than 0.6, all four tests performs
similar.




Conclusion for Real Survival Analysis

If the survival data we believe is under
Test Suggestions:

1. In areal situation, the hazard function of

non-proportional assumption,

Log of Negative Log of Estimated Survivor Functions

: non-proportional data will be more
' ,,,,«.?"‘”ﬂ complicated, but based on the
G discrimination of the survival curve’s
shape for the early and the late effect, we
can use the corresponding logrank test

log[-log(Survival Probability)]

4 for test.
2. More data volume and longer time series

: s 6 7 s are always welcome for increasing the
log(time)

G accuracy for test.
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Thank You!
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